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Table 1 Structural control with velocity feedback, ¥ + Cx +Ax = Bu,

u=—K,BTx
¢/nc? Condition s/ub
1 c A>0,K,>0 s
B=B, A<O0,K, >0 u
3 A >0, s
C +1/2(BK,BT + B,KTBT)> 0
4 ne ' A>0, u
C +1/2(BK,BT + B,KTBT)< 0
5 A>0,BT=ABT, s
K,=LLTA+T,T=—717
6 A >0, B R, s
B=[b]l,B,=1[b,], b;b,,> 0
7 A <O, u
C +1/2(BK,BT + B,KTBT)< 0
8  B=#B, A <0,C=0,(4A~GG) >0 $
G = 1/2(BK,BT + B,KTBT)
9 A<0,C=0,(4A—GG) <0 u

G =1/2(BK,BT + B,KTBT)

2¢/nc: colocated/noncolocated.
s/u: stable/unstable

criteria guarantee a stable closed-loop system with infinite gain
margin. One can achieve simultaneously both the damping argu-
mentation and the energy transfer between vibration modes. Only
the noncolocated feedback has the potential of stabilizing an un-
stable system. These constructive designs have not been reported
as yet. The stability criteria are summarized in Table 1.

Conclusions

1) A stability robustness criterion of second-order structure sys-
tems with noncolocated velocity feedback is developed. Condi-
tions are derived in terms of the structure inertia, damping, and
stiffness matrices and the feedback control gain that guarantee the
closed-loop stability. v

2) Colocated velocity feedback on nongyroscopic structure sys-
tems is always constructive because of positive damping argumen-
tation. The closed-loop system is asymptotically stable with infi-
nite gain margin. Similarly, the closed-loop system with non-
colocated feedback is also stable, provided that the symmetric part
of the generalized damping matrix is positive definite. Stability
robustness criteria are listed in Egs. (6) and (7). One can achieve
simultaneously both the damping argumentation and the energy
transfer between vibration modes.

3) A gyroscopic structure system, e.g., a stable spinning top, can
remain stable at some negative stiffness state, A < 0, but the appli-
cation of colocated velocity feedback leads to an unstable system.
This is one unique case where colocated velocity feedback, con-
trary to common belief, destabilizes an otherwise stable system.
Similarly, an unstable system A < 0 can never be stabilized by
colocated velocity feedback; a noncolocated pair is required for
stabilization.

4) It is important to know that all the previous analysis shown,
and hence the stability robustness criteria, are developed in the
absence of actuator and sensor dynamics. Goh and Caughey'® have
indicated that second-order actuator dynamics can affect the stabil-
ity robustness, provided that the actuator mass, damping, and stiff-
ness properties are known. Spanos'* also showed that sensor
dynamics could limit the stability robustness. Further work on
developing the stability robustness criteria for systems with both
sensor and actuator dynamics is necessary.
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Nonlinear Response of
Asymmetrically Laminated Plates in
Cylindrical Bending

Erasmo Carrera*
DIAS-Politecnico di Torino, Torino 10129, Italy

1. Introduction

HE increasing use of high performance materials has

intensified the demand for the development of tools to
trace the response of laminated structures made by differently
oriented laminas. Composite plates asymmetrically laminated
(with respect to the middle surface of the laminate) are seldom
used in structures, mainly because of the difficulty in con-
trolling their configuration after curing. In reality, however,
an asymmetric laminate may result from delamination, from
surface damage in symmetric laminates, and from some geo-
metrical imperfections in the thickness and/or in the orienta-
tion of each lamina. Since the pioneering studies made by
Ambartsumyan'! and Stavsky and Reissner? revealed the bend-
ing-stretching coupling effect in laminate composite plates, a
considerable amount of work based on several theories and
approximate methods of solution has been done on the nonlin-
ear analysis of such plates. In fact, for the symmetric lami-
nates, linear laminate plate theory is quite adequate if the
transverse deflection is small compared with the plate thick-
ness. But in an asymmetrically laminated plate, lateral deflec-
tion, i.e., plate bending, may be involved immediately when
the load is applied, even though only in-plane loading exists.
This early bending-extension coupling causes linear lamina-
tion theory to yield large errors in analyzing asymmetric lami-
nates. As a consequence, their response should be computed
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by employing models on the basis of the nonlinear theories.
For a compendium of the work made in the literature, see
Chia,? Leissa,* Sun and Chin,*® Barbero and Reddy,” Car-
rera,’ and the recent book of Palazotto and Dennis.’

As is well known, the computational costs of nonlinear
analyses are very high, mainly because a nonlinear system of
equations must be solved iteratively at each load step. To
handle the problem in a rather simple manner, Sun and Chin’
have recently presented a closed-form solution concerning the
large deflection analysis in cylindrical bending of asymmetri-
cally laminated plates. The bending is given by in-plane axial
and transverse loads. The von Karman nonlinear theory in
connection with classical lamination theory (CLT) is em-
ployed. The results are compared to finite element method
(FEM) analysis. For the in-plane loading cases, the authors
have restricted the numerical investigations to the tension
case, finding a very good agreement with the FEM results. The
results are compared to the linear analytical solution. In a
subsequent paper,S the same authors have presented the exten-
sion to the in-plane compression loading case of their closed-
form solution. In Ref. 6 the results are not compared to the
FEM solutions. More recently, Chen and Shu'© have presented
the extension of the Sun and Chin theory to shear deformable
plates.

The research work in this Note starts with a discussion of
Sun and Chin’s works. Concerning the in-plane loading case,
Sun and Chin’s nonlinear theory leads to some questionable
results which are typical of linearized solutions. That throws
some doubt on its correctness as a tool to trace the nonlinear
response of asymmetrically laminated plates (see Sec. II). For
comparison purposes a nonlinear finite element plate model is
employed. Further, for the axial compression in-plane loading
case, the FEM analysis will show a rather new result: the
possibility of finding a limit point in the load-displacement
path, i.e., snap-through type of phenomena. A one-degree-of-
freedom model will offer a very simple interpretation of each
of the treated problems. The three models are presented here
in different sections.

II. Analytical Model

Let us consider an asymmetric cross-ply laminate subjected
to a uniform in-plane loading. For a cylindrical bending type
problem we assume that the governing equations are indepen-

oNx Ib/in {N/mm)

21.02)
( -5 2-layers ~A— 4-layers
—— 10-layers —0— 20-layers
= Q o e 43 iy o] ! 1]
80 i - ;
(18.00| o¢ ¢ A o

40
(7.01)

1
0 0,004 0.008 0,012
(.101) (.203) (.305)

Wc in (mm)

Fig. 1 Comparison between the analytical and FEM models, tension
case: load deflection curves for several numbers of layers; — FEM
model, - - analytical model.
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dent of the longitudinal direction (y axis). The equilibrium
equations based on the von Karman large deflection theory in
conjunction with the CLT assumptions are given in Refs. 5
and 6. They are

Nx,x =0; Mx,xx + wa,xx =0 (1)

where M, and N, are the classical stress resultants,® w is the
transverse deflection, and the comma denotes a partial deriva-
tive with respect to the longitudinal direction (x axis). Given
some latitude, Egs. (1) and related boundary conditions could
also be derived from those quoted in Ref. 11. A closed-form
solution of Eqs. (1) with appropriate boundary conditions has
been presented in Refs. S and 6. We refer to these works for
additional information. A brief description related to the in-
plane loading case, which is useful for our purposes, is in-
cluded in the following text. From the first of Eqgs. (1), we
conclude that the stress resultant N, has the same value N,? at
each point of the plate. Consequently, Eqgs. (1) become

N, =NY; M, +Niw, =0 )

The nonlinearities in M,, can be eliminated by employing the
constitutive equations®

N, = Al](u,x + l/zw,i) - Bllw,xx
M, = Bll(u,x + 1/2w3() - Dllw,xx (3)

where A,;, B;;, and D;; are the well-known membrane, cou-
pling (membrane bending), and bending plate stiffnesses, re-
spectively; u denotes the displacements along the x axis. Tak-
ing into account the first of Eqs. (2), Egs. (3) lead to

B, ., (Bh >
=—UN0 4 (=D 4
M A <A 0 11 ( )

which is linear. Thus, the governing equation remains
Wooox — kzw,xx =0 (5)

where k2 = NY/[D,— (B%/A1))]. Equation (5) consists of a
linear dlfferentlal equation with constant coefficients. Con-
sider an asymmetric cross-ply laminate subjected to a uniform
in-plane load N? along the two simply supported straight
edges: w=0, M, =0 at x = xa (2a is the plate length).
The other two edges are obviously free. By imposing these
boundary conditions, the solutions of Eq. (5) hold

NO>0: w()—-A [Mﬁ 1]
11

cosh(ka)
0 . By; [cos(kx) ]
N2 <0: w(x)—A“ costha) 1 ()

where N2 >0 and N? <0 are tension and compression, respec-
tively. Equations (6) give a nonlinear relation between the
applied load N? and the normal deflection w. That happens
because the coefficient k2 is N dependent. The maximum
deflection at the center of the plates holds

N?>0: W, =—| ————1
* ¢ A“[cosh(ka) }
B 1
Ne<O:  w,=-1 -1 7
* Ay | cos(ka) M

In the N°-W,_ plane, the tension case gives the vertical asymp-
tote Wyax = — (By1/Ay,) as N0 —oo, whereas the compression
case gives the horizontal asymptote Nyax = — (7/2a)*[Dy1 —

(B}/A1)] as W.—oo. Consider the lamina properties and
plate geometry glven in Ref. 5: E;, =20 msi (0.1379 MPa),
E, =14 msi (0.0097 MPa), G, =G, = 0.7 msi (0.00048
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Fig.2 Comparison between the analytical and FEM models, com-
pression case: load deflection curves for several numbers of layers; —
FEM model, - - analytical model.

MPa), v, = 0.3; length 2¢ = 9 in. (228.6 mm), width 2b = 1.5
in. (3.81 mim), and thickness ¢ = 0.04 in. (1.016 mm). For
comparison purposes we refer to the English units as in Ref. 5
and 6; with the exception of Table 1, the metric values will be
written in brackets. Four L values are investigated (L denotes
the number of layers). Figures 1 and 2 show the response of
Egs. (7) in the NJ-W, plane as well as the FEM results which
we will discuss in Sec. III. By the compression case we con-
clude that the plates cannot withstand loads greater than those
given by Np,.. This result throws some doubt on the validity
of the Sun and Chin model as a tool to trace the nonlinear
response of cylindrical bending of asymmetrically laminated
plates. In fact, the asymptote Np,, of Fig. 2 is a typical result
of a linearized buckling problem as described in Ref. 6 as well
as what we will show subsequently. Furthermore, the Fig. 2
results seem quite different from those typically found by
other authors; see, for example, Refs. 7 and 8.

In the end of this section, we want to show the linearized
nature of the analytical model proposed in Refs. 5 and 6. To
do this, Eqgs. (4) will be obtained in a different manner with
respect to that given earlier. In addition, we will remark that
the load value NZ,, coincides to the lowest eigenvalue of the
linearized stability equations.

Taking Egs. (1) and (2) as correct, we linearize Egs. (3)

Ny ~ N} = Ay~ Bw
Mx ~MJ£ =Bllu,x_D11W,xx ®)

By the use of these equations instead of Eqgs. (3), we obtain the
same Eqs. (4) and (5). The algebraic manipulations are exactly
the same as those in Ref. 5. It is now explicitly clear that Eqgs.
(4) and (5) are also valid for the assumptions of Egs. (8). As a
consequence, the unique nonlinearity comes from the term
N,\(')Wxx- In fact, this remains a very incorrect conclusion; as we
have stated in the Introduction, the main characteristic of
asymetrically laminated plates consists of having large deflec-
tions w even if the applied level of loads considered is low, and
they cannot be neglected.

At this point we can note the hypotheses on which the Sun
and Chin solution is based: 1) the stress resultant N, is the
constant in the plate and 2) the nonlinear terms in Egs. (8) are
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Fig.3 FEM model, compression case: load deflection curves for
several numbers of layers in logarithmic scale.

Table 1 Comparison between linear and nonlinear results of the
analytical and FEM analyses on W, in.

Analytical model FEM model

N?,1b/in. Layers  Linear Nonlinear Linear Nonlinear
0.1 2 3.513E-4 3.398E-4  3.536E-4  3.334E4
0.1 10 3.130E-5 3.084E-5 3.136E-5 3.098E-5
10 2 3.513E-2 7.671E-3 3.536E-2  7.832E-2
10 10 3.130E-3 1.227E-3  3.136E-3 1.414E-2
-0.1 2 —3.513E-4 -3.636E-4 —3.536E-4 -—3.781E-4
-0.1 10 —3.130E-5 -3.178E-5 —3.136E-5 -3.175E-5

-3 2 —1.054E-2 -7.049E-1 -1.061E-2 a
-3 10 —9.390E-3 -—1.694E-3 —9.408E-3 —1.504E-3

@Failure of the load control method.

neglected. As is well known, these hypotheses are the condi-
tions under which the buckling loads of symmetrically lami-
nated plates can be computed as a classical problem of Euler
stability'2 (the conditions under which assumptions 1 and 2 are
verified for asymmetrically laminated plates are discussed in
Ref. 4). Because these assumptions are based on Egs. (5), then
the asymptote N2, must be found as the first cigenvalue of
the linearized stability equations. In fact, by assuming the
shape functions (see Refs. 6, 11, and 12), u(x)=A*sin(mnx/
2a) and w(x)=A"cos (mwx/2a), which satisfy the simply
supported boundary conditions (m denotes the half-wave
number in the x direction, whereas A% and A" are the ampli-
tudes of u and w, respectively), then the following classical
value of the buckling load arises: N, = —(mw/2a)*[Dy;~
(B%4/A;D]. The lowest value m =1 corresponds to the values
of Npax-

By examination of the different order of magnitude of N{ in
Figs. 1 and 2, we can foresee that the tension case should be
more accurate than the compression case. In fact, the results
in Fig. 1 show that in the neighborhood of the asymptote, the
plates become very stiff, and since W, is small with respect to
N?, the effect of the approximations Eqgs. (8) cannot be all
that dramatic. Further, in these loading cases, the most impor-
tant nonlinear terms Nw , have been taken into account. The
trend reverses in the axial compression case. We will come
back to these questions to confirm them when we compare the
analytical model to the FEM results. Concluding this section
we remark that the derivations of Egs. (4) and (5) made in Ref.
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5 are mathematically unexceptional, but in deriving them
some nonlinear terms are tragically lost. This does not happen
in the FEM model, where the external loads are directly im-
posed in the equilibrium equations.

III. Finite Element Method Model

To compare the results of the analytical model and to show
its inadequacy in predicting the nonlinear response of asym-
metrically laminated plates, this section presents a nonlinear
FEM model of the problem considered in Sec. II. The results
in Refs. 5 and 6 will not be confirmed and a different level of
accuracy of the analytical model, in tension and compression,
will be established. Furthermore, by trying several values of
By, a quite new result concerning the nonlinear response of
axially compressed long plates will be found: the possibility of
a snap-through type of phenomena.

An eight-node Mindlin type isoparametric multilayered
plate finite element is employed. The von Karman nonlinear
theory is adopted in conjunction with the total Lagrangian
formulation and the full Newton method. An extensive de-
scription of the finite element formulation used can be found
in Ref. 8. An FEM mesh of two elements has achieved the
convergent solution. The geometrical, material, and layup
data are the same as that in Sec. II. A reduced integration
technique has been used to avoid locking. Table 1 compares
the analytical and FEM models. Both linear and nonlinear
results are given. Several values of the applied load N? and
two layups are considered. This table only considers the load
control method, which fails to correspond to the two-layer
plate loaded in compression by N2 = — 3 Ib/in. There is very
good agreement between the two models in the linear analysis.
However, the nonlinear analysis shows that decreasing the
number of the layers and increasing the modulus of N? greatly
increases the disagreement. The results related to the in-plane
tension loading case are plotted in Fig. 1. We note that as the
N? values increase, the differences between the analytical and
the FEM model increase considerably. Furthermore, this load-
ing case, from only a qualitative point of view, shows the same
behavior between the two models. In fact, the FEM analyses
seem to present the asymptotes corresponding to values of W,
greater than W,,,. Increasing B, increases the absolute values
of the differences between the two models although their
relative values are rather constant.

Very different behavior is shown by considering the in-plane
compression loading case. In fact, Fig. 2 shows that even if a
low level of the applied loads is considered, the predictions of
the analytical model are completely wrong. The analytical
model cannot go beyond the values Np,.. With L decreasing,
i.e., with the coupling stiffnesses magnitude B,; increasing,
the disagreement between the two models is increased greatly
indeed. Furthermore, for the two-layer case, Fig. 2 shows a
rather new result: a limit point can be found in the nonlinear
response of asymmetrically laminated compressed plates. Be-
cause an unstable equilibrium path is possible, the snapping
occurs. The failure of the control load methods quoted in
Table 1 must be related to this phenomena (in such cases
instead of the load control method, we have implemented an
arc length type method, or Riks method, which consists of a
modified version of that originally presented by Crisfield, and
it has been extensively presented by the author in Ref. 8). The
possibility of the snap through is directly related to the magni-
tude of coupling stiffnesses B;;. Because of the different order
of magnitude of W,, before and after the inflection (or the
limit point), Fig. 3 considers, with the W, axis in a simple
logarithmic scale, the extension of the FEM results of Fig. 2 to
larger displacements. This figure shows the existence of a limit
point in correspondence with the 2-, 4-, and 10-layer cases,
whereas the 20-layer case seems to present an inflection point.
Naturally, these limit points are achieved at different values of
the applied loads.

Concerning the different level of accuracy given by the
analytical model between the plate in tension and compres-
sion, Figs. 1-3 confirm what was foreseen in the end of Sec.

II. In fact, especially when a limit point exists, the nonlinear
terms have a dramatic effect and cannot be neglected.

IV. One-Degree-of-Freedom Model

Through the use of a one-degree-of-freedom elastic model,
this section explains in a very simple manner what has been
obtained previously. The one-degree-of-freedom model given
in the sketch of Fig. 4 comes from that presented by the author
in Ref. 8 to explain the disappearance of the bifurcation point
in unsymmetrically laminated composite plates subjected to
axial compression. P, B, s, /, and o denote the applied load,
coupling force, stiffness of the torsional spring, length of the
rigid bar, and the chosen unknown, respectively; and ¥ and w
are the displacements along the P and B directions, respec-
tively. Let us consider two different forms of the coupling
force B.

First we consider the form B = bP. This is the original form
quoted in Ref. 8. Here, b is a coupling coefficient. The equi-
librium paths hold

Pl o
@O —=

s sina+bcosa’
The path o = 0 exists if and only if b =0. The case b =0
simulates the behavior of symmetrically laminated plates sub-
jected to axial compression. In fact, the buckling of the bifur-
cation type occurs when (P..I/s) = 1. When b # 0, the model
simulates the results from FEM analysis.

Looking for a simulation of the analytical model in Sec. II,
let us consider the linearized solution of Eq. (9). We obtain
(Pl/s) = [a/(a + b)]. This result perfectly simulates the dis-
agreement between the analytical and the FEM analyses in
Fig. 1. In fact, the linearized solution shows the asymptote at
a linearized value o = — b instead of the exact value of
a = — arctan(d). The preceding model has not been able to
simulate the limit-point cases found in the FEM models. To
find such a situation we consider a more accurate form of the
coupling phenomena by adding a coupling term directly re-
lated to the axial displacement u, i.e., by means of an addi-
tional coupling parameter A: B = bP + hu. Now the coupling
is an effective internal stiffness. The equilibrium conditions
become

Ma=0 )

Pl o- (hI*/5)(cos o + 2 sin*a — 1)

1 -
0 sin o« + b cos o ’
(D a=0 (10
Pl/s
1,56 g
—— het,b=0 —= het,be.d
5= he.01,b-0 R+ he.01,be.1
1,25 : . . I ot
Bifurcation point
1
. Inflectién point B ﬁ
0'75 b e
0,8~
\ I
0'25 - . — :
Limit point
o 1 i i
0 0,4 08 12

Fig. 4 One-degree-of-freedom model in compression, B =bP + hu
case, exact solution: load deflection curves for several values of the
coupling parameters b and A.
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Different equilibrium paths related to several values of the
coupling parameters b and % are plotted in Fig. 4. At the value
of b =0, a bifurcation point exists corresponding to a new
path start. When b # 0 the bifurcation point disappears and
the equilibrium paths related to different values of the &
parameter become asymptotic to that related to b = 0. For
example, the path related to the & = 0.1, A =0.01 values
presents an inflection point, whereas for the b = 0.1, h =1
value, the bifurcation point becomes a limit point and the snap
through exists. By comparing Fig. 4 to Fig. 3 we can conclude
that the present one-degree-of-freedom model perfectly simu-
lates the behavior of long flat plates loaded in compression.

V. Concluding Remarks

Concerning the analysis of the nonlinear response of the
cylindrical bending given by in-plane axial loads of asymmetri-
cally laminated plates of cross-ply type, this Note has pre-
sented and compared results of three different models. The
first model is an analytical one as proposed by Sun and Chin,
the second consists of an FEM model, and the last one consists
of a one-degree-of-freedom model. This study has confirmed
that as the coupling stiffness magnitude increases, the impor-
tance of the nonlinear effects increases, and these effects
cannot be neglected even when low levels of the applied load
are considered. Furthermore, the following new conclusions
can be noted. 1) The linearized nature of the Sun and Chin
model has been shown, and its inadequacy to forecast the
nonlinear response of the plates has been pointed out. 2) The
FEM analysis has confirmed the preceding point, and a differ-
ent level of accuracy of the analytical model between the
tension and the compression loading cases, respectively, has
been established. 3) The FEM analysis has shown the possibil-
ity of snapping in the nonlinear response of long plates in
compression. In such a case the nonlinear effects could be
dramatic. 4) The one-degree-of-freedom model has shown,
in a simple manner, the conclusions given in the preceding
points.

Additional investigations directed toward relating the snap-
ping to some mixed geometrical stiffness parameter of the
plate are needed. These studies should take into account dif-
ferent geometrical and mechanical boundary conditions. Fur-
thermore, a mathematical treatment addressed to explain the
failure of the analytical model would be welcome, which could
be a subject for future work.
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Nomenclature
[A]« = ath order spectrum factorization to
matrix A
[C] = damping matrix
[C] = modal transformed damping matrix
Cus = partitions of modal transformed damping

matrix, o = k, d, 8 = k,d

[CeliDed = critical damping matrices

[Dedi = truncated critical damping matrix
associated
with kept modes

[1] = identity matrix

K] = stiffness matrix

[M] = mass matrix

X1 = general displacement vector

[®], [¥] = right and left eigenvector matrices

[®,1, [¥,] = transformed right and left eigenvector

matrices
®,,8,,¥,,¥,; =kept and deleted eigenvector matrices

$,, ¥, = residual right and left modes
[A] = diagonal eigenvalue matrix
Ap, Ay = kept and deleted eigenvalue matrices
[A:] = matrix obtained by residual mode
transformation
o, B = eigenvalues
= scalar or eigenvalue
[£] = Inman’s criterion matrix
$iy Ei = eigenvalues of [D.] and [D.],
Introduction

N the analysis of a dynamic system, inclusion of a damping
matrix is almost unavoidable since it can often have a
critical bearing on stability and dynamic responses. Damping
ratios derived to classify modes of vibration determine the
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